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A quantum space is a set provided with a family of open subsets, stable under arbitrary unions 
and a noncommutative finite “intersection”. A basic example is given by the spectrum of a 
C*-algebra, where the noncommutative “intersection” is induced by the product of ideals. We 
develop the basic theory of quantum spaces and some applications to @*-algebras. 
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irreducible representation 
If A is a @*-algebra, its spectrum Spec A is classically defined as the set of its 
pure states provided with a convenient topology. For every closed right ideal Z, 
consider the subset 
6, = {f~ Spec A / 3x E I f(xx*) # 0). 
The topology classically considered on Spec A is given by the B,‘s, with I closed 
and 2-sided. 
When A is the @“-algebra of compact linear operators on a Hilbert space, it turns 
out that (0) and A are the only closed 2-sided ideals; in that case the topology on 
the spectrum is just the indiscrete one, which fails to be interesting. On the other 
hand, the family of all “open subsets” ol, for every closed right ideal I, provides 
the spectrum of A with an interesting structure. For example when A is the matrix 
algebra C=“““, this construction produces exactly the n - 1 dimensional complex 
projective space, with its projective subspaces as “closed subsets”. 
This set Spec A, provided with the “open subsets” 0’[, is a fundamental example 
of what we call a quantum space. 4 and Spec A are open, a union of open subsets 
is open, but a finite intersection of open subsets is no longer open. In fact the 
complete lattice of open subsets is provided with a “noncommutative intersection” 
denoted by & and generated by the product of ideals: 
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In the case of closed 2-sided ideals Z, J, it turns out that this noncommutative 
intersection is just the classical one: 
so that we are in fact refining the classical topology on Spec A. 
We start with some basic facts about quantum spaces and the corresponding 
notions of continuous mappings; we study their relations with topological spaces. 
We define sober quantum spaces, prove the duality with quantales with enough 
points and study the sheaves of continuous functions. Finally we come back to a 
more specific study of the spectrum of a @*-algebra and indicate how the quantum 
structure can be extended to the Gelfand-Naimark construction. This paper is 
closely related to [5], while essentially independent from it. The basic ideas concern- 
ing that new structures can be found in [l], [9] and [12]. 
1. Quantum spaces 
Definition 1. A quantum space is a set X provided with a family O(X) of “open 
subsets” and a “multiplication”: 
&: O(X) x 6(X)+ O(X) 
satisfying the axioms 
(Sl) 4 and X are open; 
(S2) Vi U, open *LJlt, U, open; 
(S3) U, Vopen*lJnVcU&V; 
(S4) U, V, W open +U&(V& W)=(U& V)& W; 
(S5) U open *U&X= U; 
(S6) U, Ui open + U & (Uis, Ui)=lJii, (U & U;); 
(S7) U, Ui open *(UiE, Ui) & U =lJitl (Ui & U). 
Every topological space is clearly a qurntum space when defining 
U&V=UnV. 
In a quantum space, the complement of an open subset will be called a closed 
subset. It follows immediately from axiom (S2) that every subset YE X has an 
interior Y and a closure Y. 
Proposition 1. Consider a quan turn space X and open subsets T, U, V, W. The following 
relations hold: 
(1) TG Uand VG WjT& VG U&W; 
(2) U&0=0=0&U; 
(3) Un Vc U&L VG Un(X& V); 
(4) U& u=u; 
(5) U_cV~U&V=U; 
(6) U&V&W=U&W&V. 
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Definition 1 and relation (4) in Proposition 1 indicate, using the terminology of 
[5], that a quantum space is just a set X provided with a quantale 6(X) of subsets, 
in such a way that the inclusion 
(Q(X), v,&)+(2x, u, n) 
is a morphism of quantales. 
Proposition 2. Consider a quantum space X. An open subset U is called “topological” 
when X & Ii = U. The topological open subsets constitute a topology on X. 
The complement of a topological open subset will be called a topological closed 
subset. 
Corollary. Consider a quantum space X and an open subset U. X & U is the smallest 
topological open subset containing U and is itself contained in the topological closure 
of u. 
Proposition 3. Consider a quantum space X. A point x E X is called “topological” if 
its closure is a topological closed subset. The set r(X) of topological points of X, 
provided with the family of subsets 
I4X)n UI UE Q(X)> 
is a topological space. 
Proof. Using Proposition 2, it suffices to prove that for every U 
T(X) A u = r(X) n (X & U). 
One inclusion is obvious; so choose x E T(X) n (X & U). As X & U is the smallest 
topological open subset containing U and x E 7(X): 
xeu*{.%}Gcu =3 us C(X) 
*X&UcC{x}~xEC{X} 
which is a contradiction. 0 
The basic example given by the spectrum of a noncommutative C*-algebra will 
be treated in full detail in Section 6. Some other examples can be constructed, 
starting with a topological space which is not T,,. 
Example 1. Let (X, 9) be a topological space, where 3 denotes the set of open 
subsets of X and _ the closure operation on p(X). A new operation * is defined 
on 9(X) by putting 
F={xEX]3yE Y,i=X}, 
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i.e., the points of P are topologically indistinguishable from the points of Y. Then 
define 
B(X)xGP(X) 5 P(X) 
(Y,Z) H Y&Z=Yn2. 
It is readily checked that 
and from there that (p(X), &> provides X with the structure of a quantum space: 
(X, 9,). 
Example 2. With the same notations as above, another quantum structure Q2, may 
be defined on X in the following way: 
Q,(X)={YGX] EM-), 
i.e. the new open subsets are the subsets of X which are, in the topology r, 
indistinguishable from the elements of 9. To prove that, (QJX), &) provides X 
with the structure of a quantum space, first observe that for any U E Q2(X) 
The rest of the proof is straightforward from the results mentioned in Example 1. 
Clearly the topological open subsets of (X, Q2) coincide with the elements of 9 
and if (X, 9) is a TO-space, (X, QJ is just (X, ?I). 
2. Continuous mappings 
Definition 2. Consider two quantum spaces X and Y. A continuous mapping from 
X to Y is a mapping f: X + Y such that 
(Cl) V open in Y*f-‘( U) open in X; 
(C2) U, V open in Y*f -‘( U & V) 2 f-‘(U) &f -‘( V). 
In the language of [5], f is continuous if it induces a morphism of quantales 
f-l: O(Y)+cqX). 
The quantum spaces and their continuous mappings constitute obviously a category. 
Using (3) in Proposition 1, it suffices in fact to check (C2) when U = Y. 
l? Borceux, G. oan den Bossche / Noncommutative topology 207 
Proposition 4. If f: X + Y is a continuous mapping between quantum spaces, the 
inverse image of a topological open subset is a topological open subset. 
Proposition 5. The category of quantum spaces and continuous mappings has products 
and coproducts. 
The coproduct X of a family (Xi)it, of quantum spaces is their disjoint union 
u it, Xi provided with the open subsets 
and the multiplication 
the details of the proof are straightforward. 
The product X of a family (XL)it, of quantum spaces is the Cartesian product 
n,,, Xi provided with the following structure. A basic open subset has the form 
nrt, Ui where U, E 0(X,) and 
(1) Ui = Xi for all but a finite number of indices; 
(2) U, is topological for all but one index. 
An open subset of X is an arbitrary union of basic open subsets. The multiplication 
of two basic open subsets is just: 
and is thus again a basic open subset, since U, & Vi is topological as soon as U, is. 
This multiplication can be extended by distributivity to arbitrary open subsets 
(~~nUx)&(~!,Vi)=~~!!r(LI:&V!). 
/CL 
The axioms for a quantum space are easily checked. 
Proposition 6. In the category of quantum spaces and continuous mappings, every 
monomorphism is injective and every epimorphism is surjective. 
Proof. Given a quantum space X and the singleton { * } with its unique quantum 
structure, every mapping 
f: {*}+X 
is necessarily continuous since, using axiom (S3), 
f-‘(u& V)2f~‘(UnV)=f~‘(U)nf-‘(V). 
It follows that every monomorphism is injective. 
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Given a quantum space X and the indiscrete topological space (0, l}, every 
mapping 
f: X+(0,1} 
is continuou\s, which implies that every epimorphism is surjective. 0 
Proposition 7. The category of topological spaces is a fill reflective subcategory of the 
category of quantum spaces and their continuous mappings. 
Proof. It follows from Proposition 4 that given a quantum space X, its reflection 
is just X provided with the topology of topological open subsets. 0 
3. Strict continuous mappings 
Definition 3. A strict continuous mapping from a quantum space X to a quantum 
space Y is a mapping f: X + Y such that 
(SCl) U open in Y=3f-‘( U) open in X; 
(SC2) U, V open in YJf -‘( U & V) = f -‘( U) &f -‘( V). 
Using the language of [5], f: X -f Y is strict continuous if it induces a strict 
morphism of quantales: 
f-l: O(Y)+cyX). 
Notice also that given a set X and a quantale (6(X), V, 8~) of subsets of X, the 
inclusion 
(Q(X), V, &) - (2x, u, n 1 
is a strict morphism of quantales if and only if 6(X) is a topology on X. The 
quantum spaces and their strict continuous mappings constitute nevertheless an 
interesting category. Finally using (3) in Proposition 1, it suffices in fact to check 
(SC2) when U = X. 
Proposition 8. A strict continuous mapping f: X -+ Y between quantum spaces restricts 
to a continuous mapping f: T(X) + T( Y). 
Proof. Using Propositions 3 and 4, it suffices to prove that f maps T(X) into 7(Y), 
which follows essentially from Proposition 4. 0 
Proposition 9. The category of quantum spaces and strict continuous mappings has 
products, coproducts and coequalizers; epimorphisms are surjective. 
Proof. The proofs concerning products, coproducts and epimorphisms as given in 
Propositions 5 and 6 are still valid here. Now if A g : X ZC Y are strict continuous 
mappings, consider their coequalizer Q in the category of sets. 
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The quantum structure of Q is just given by 
fJYQ)={uc QIP-‘W~W’)~ 
if U, VE 0(Q): U & V=p(p-‘( U) &pp’( V)) 
where p : Y + Q is the canonical projection. It is now routine to check the details. 0 
Proposition 10. If X is a quantum space and U a topological open subset, Uprovided 
with the induced structure is a quantum space and the inclusion U v X is strict 
continuous. 
For every open subset V, Proposition 1 implies V & U = V n U. So each V n U 
is also open in X, which yields the conclusion. 0 
Proposition 11. The category of topological spaces is full reflective and coreflective in 
the category of quantum spaces and their strict continuous mappings. 
The reflectivity is proved as in Proposition 7 while the coreflectivity follows from 
Proposition 8. 0 
4. The sober quantum spaces 
Definition 4. Let X be a quantum space. An open subset U f X is prime if for all 
open subsets V, W 
V&WEU 3 vsu or wsu. 
A closed subset is irreducible if its complement is a prime open subset. 
X is a sober quantum space when every irreducible closed subset is the closure 
of exactly one point. 
Let us recall (cf. [5]) that a quantale is a complete lattice (Q, S) provided with 
a multiplication 
&: QxQ+Q 
which is associative, distributes over v in each variable and satisfies the conditions 
a & a = a = a & 1 for every element a E Q; 1 = V Q is the top element of Q and 
0 = V t!~ its bottom element. A morphism f: Q, + Q2 of quantales is a mapping which 
preserves v and 1 and satisfies f(a & b) 2 f(a) &f(b) for every a, b in Q, ; when 
equality holds in this last relation, the morphism is called strict. Finally a point of 
the quantale Q is a morphism of quantales f: Q+ (0, l} where (0, l} is provided 
with its single structure of quantale. Q has enough points when distinct elements 
in Q can always be separated by a point. We shall see in the proof of Theorem 1 
that a quantum space X is sober if and only if there is a natural bijection sx between 
the points of X and those of 6(X). It is well known that every Hausdorff space is 
sober, and this can be extended to quantum spaces. 
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Theorem 1. The category of sober quantum spaces is dual to the category of quantales 
with enough points and this duality holds both in the strict and the non-strict cases. 
If X is a quantum space, every x E X generates a point of the quantale 0(X); 
just define 
px: 6(X)-+(0,1}, p,(U)=1 iff XE U. 
This implies immediately that f!?‘(X) has enough points. Therefore we obtain a 
functor from the category of quantum spaces to the category of quantales with 
enough points 
(X, O(X)) ++ B(X), f: x+ Y H f-1 
and clearly if f is strict continuous, f-’ is a strict morphism. 
Now if Q is a quantale with enough points, consider 
r(Q) = {p 1 p is a point of Q}. 
For every element a E Q, define 
As Q has enough points, we obtain a bijection 
Q+{~alaEQl, a ++ oa. 
This bijection obviously satisfies 
(%,,,a, = u o&7,, and 6, = n(Q), 
is, 
0’0 = 0. Therefore if we define 
we have made r(Q) into a quantum space. r(Q) is in fact a sober space and it is 
easy to make rr into a functor from the category of quantales with enough points 
to the category of sober quantum spaces. 
For every quantum space X, there exists a canonical mapping 
. ex x+ dQ(W), x - PX 
which is strict continuous. 
Now ex is an isomorphism if and only if X is sober. On the other hand, for 
every quantale Q with enough points, we have a strict isomorphism of quantales 
nQ: Q-O(r(Q)), a H oa. 0 
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Corollary 1. In both strict and non strict cases, the category of sober quantum spaces 
is full reflective in the category of quantum spaces. 
Proof. If X is a quantum space, its reflection is given by cx :X+ n(O(X)). Cl 
Corollary 2. For every sober quantum space X, there exists a strict continuous mapping 
f: X + X such that, for every open subset U E 6(X), f -‘( U) = X & LJ, i.e. the smallest 
topological open subset containing U. 
Proof. f corresponds, via Theorem 1, to the strict morphism of quantales 
0(X)+0(X), U++X&u. 0 
Proposition 12. If X is a sober quantum space, the space r(X) of topological points 
is a sober topological space; it is a retract of X in the category of quantum spaces and 
strict continuous mappings. 
Proof. A point x E X is topological if and only if the corresponding point px : Q(X) + 
(0, l} is a strict morphism of quantales. This characterization of topological points 
shows that the strict continuous mapping given in Corollary 2 of Theorem 1 factors 
through ~(x).Now if x is already a topological point, for every open subset V 
p,(Xgv) =px(v) which proves that f(x) =x and 7(X) is a retract of x. 
If V, W are topological open subsets in X and px : 6(X) + (0, l} separates them, 
so does pr 0 f -’ since f-‘(V) = V and f-‘(W) = W; but px 0 f -’ is now a strict 
morphism. This proves that Vn r(X) # Wn r(X) so that the locale 8(7(X)) of 
open subsets of r(X) is isomorphic the locale 7(0’(X)) of topological open subsets 
in X. Using the notations of Theorem 1, E,(~) is injective. On the other hand, every 
morphism of quantales 
p: 46(X)) + (021) 
is necessarily strict. 
It can be extended into a strict morphism of quantales 
p’: 0(X)+(0, l}, u ++ p(X & U); 
therefore p’= px for some x E T(X) and thus p = .z,~,,(x). 0 
Corollary. The category of sober topological spaces is full rejective and coreJlective in 
the category of sober quantum spaces and strict continuous mappings. 
The coreflectiveness follows from Propositions 8-12. The reflection is in fact given 
by the same functor as the coreflection; the canonical mapping corresponding to a 
sober quantum space X is just the mapping f: X + 7(X) described in Proposition 
12. 0 
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Proposition 13. Let X be a sober quantum space and U a topological open subset. 
Then U, provided with the induced topology, is itself a sober quantum space. 
Remark. An alternative proof of Proposition 12 and 13, without any reference to 
the category of quantales with enough points, can be given if one analyses the 
behavior of the canonical morphism f of Corollary 2 to Theorem 1. It is called 
canonical because the corresponding morphism in the dual category is as canonical 
as can be. But what does f do to the points of X; how does it map points on 
topological points? 
First observe that the topological closure x” of any point x of a sober quantum 
space X is still an irreducible closed subset. 
Now, for any point x, define f(x) to be the unique point y such that x” = y. Clearly 
y is topological. It is not hard to prove that f is a strict continuous mapping 
X + 7(X), (and is the morphism described in Corollary 2). Its explicit description 
allows then a rewriting of the proofs of Propositions 12 and 13. 
5. Sheaves of continuous functions 
This paragraph is the only one where we refer heavily to [5] without further notice. 
Lemma 1. If X is a sober quantum space and U is any open subset in X, there exists 
a strict continuous mapping TE: U + X such that for every open subset V of X, 
(T$)_‘( V) = u & K 
Proof. U is provided with the quantum structure whose open subsets are the 
VE O’(X) such that V & U; in other words, O’( U) = & U. There is a strict morphism 
of quantales 
0(X)+0(U), V- U&V 
and thus a corresponding strict continuous mapping 
g: ?T(B(U))+X, g-‘(v)=&/& v 
where rr(O’( U)) is the sober space of points of O’( U). Composing with F~ yields ~c: 
X. 
TU. u 2 $7(6(U)) -L x. 0 
Proposition 14. Consider two quantum spaces X and Y, with Y sober. For every open 
subset U of X define 
F( U) = {f: U + Y 1 f continuous}, 
G(U) = {f: U + Y 1 f strict continuous}. 
Both Fand G organize themselves into sheaves on X, i.e. sheaves on the quantale O(X). 
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Proof. As Y is sober, we know that 
F( U) = {f: ~(6( U)) + Y If continuous} 
= {f’ : 6( Y) + & U If’ morphism of quantales} 
and it results from the considerations of [S] that this organizes itself into a sheaf 
on Q; the same argument holds for G. 0 
In Proposition 14, notice that when U is a topological open subset of the quantum 
space V, where VE 6(X), the right restriction of a mapping f: V+ Y is just the 
composite 
where i is the canonical inclusion (cf. Proposition 10). Now for arbitrary U E 6(V), 
VE 6(X), the left restriction of a continuous mapping f: V+ Y is just 
n,< ,\‘,I TIi 1’ 
u - T(O(V)) - Y 
where f’ is the unique factorization off through aV (cf. Theorem 1). 
Proposition 15. Consider two quantum spaces X and Y. For every topological open 
subset U of X, dejine 
F(U)={f: U+ Ylf continuous}, 
G(U)={f: lJ+ Ylfstrict continuous}. 
Both F and G organize themselves into sheaves on the space X provided with the 
topology of topological open subsets. 
Proof. If U, V are topological open subsets of X and V c U, this inclusion is strict 
continuous (cf. Proposition 10); composing with this inclusion produces the corre- 
sponding restriction mapping. The details are now straightforward. 0 
6. The spectrum of a C*-algebra 
We refer to [2] and [8] as far as C*-algebras are concerned. We choose to work 
with right ideals, thus define the positivity of a form f: A + @ by f(xx*) 2 0. If A is 
a @*-algebra, we define its spectrum as 
Spec A = {f: A + @ 1 f is a pure state of A}. 
For every closed right ideal I, define an open subset 0, c Spec A by 
6,={f~SpecA\3x~Z f(xx*)#O}. 
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Theorem 2. If A is a C*-algebra, its spectrum Spec A provided with the open subsets 
ol, for every closed right ideal I, is a quantum space when we dejine 0, & QJ = 6,. 
We call it the quantum spectrum of A. 
Proof. If f is a pure state, consider 
N/={x~A[f(xx*)=O}. 
It is known (cf. [9, 7-9-21 that every right closed ideal I is the intersection of the 
Nf’s which contain it; in other words, the mapping 
is a bijection from the p.o. set of closed right ideals to the p.o. set of open subsets 
OI of Spec A. 
The closed right ideals of A constitute a v-lattice where the join operation is 
given by 
v Ik = + I, 
ktK ktK 
Since a pure state f E Spec A is linear and continuous 
0,,,={fESpecAI3xE +Ik, f(XX*)#o) 
This proves that a union of open subsets is open. On the other hand, a pure state 
is never zero, which implies QA = Spec A. Moreover, 0(O) = 0. 
Using those remarks, the axioms (S6) and (S7) for a quantum space follow 
immediately from the distributivity of the product over the sum in the case of right 
ideals. In the same way the associativity axiom (S4) follows from the associativity 
of the product of ideals. 
Now given a closed right ideal 1, there exists a net (eh)ht., of elements of I such 
that 
Vx E I x = !‘Em &*X 
- 
(cf. [8, l-7-31). This immediately proves the inequality 1 c IA and thus, as Z is a 
- 
closed right ideal, I = IA, which implies (S5). 
Finally we have to verify axiom (S3). Given a closed right ideal J, the existence 
of approximate units (e,+ )A =,+ in J implies J c n and thus the equality J = JJ. If I 
is another closed right ideal, we have to prove the inclusion 
Choose f E B1 A 0, and consider the corresponding subset lVf c A, which is a closed 
right ideal and in fact a maximal element in the lattice of proper closed right ideals 
(cf. [4, 2-9-5 and 3-l]). The relations f E B,, f E QJ are equivalent to I S& Nf, J g N, ; 
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we have to prove that fig y,. From I g Nr and the maximality of Nf, we deduce 
I+N,=A and thus, if IJG P/, 
J=~~AJ=(Z+A$)J=IJ+N,JcI$+N,-=N/ 
which contradicts JZ N,. 0 
Observe that the C*-algebra Z’C(H) of compact linear operators on a Hilbert 
space H does not have any closed 2-sided ideal, except (0) and LX(H) (cf. [8, 
4-l-71). Therefore its spectrum, provided with the topology of topological open 
subsets, is just an indiscrete space. On the other hand, the closed right ideals of 
LX(H) are precisely given by 
where V runs through the closed linear subspaces of H. 
Proposition 16. ne quantum spectrum of the @*-algebra Cnx” of n x n complex 
matrices is the complex projective space of dimension n - 1 with its projective subspaces 
as closed subsets. 
We idenfify C”“” with the space Z(C”) of linear endomorphisms of @“, for a 
better geometric picture. The (closed) right ideals of L?(@“) are just 
I,={fGd;P(@“)lf(C=“)c v> 
where V runs through the linear subspaces of @“. The points of the spectrum are 
in one-to-one correspondance with the maximal ideals (cf. [8, 2-9-5]), thus with the 
linear subspaces W c C” of dimension n - 1. The open subset of the spectrum 
corresponding to a linear subspace V is 
B,={Wldim W=n-1; Vg W}. 
Considering C=” as a Hilbert space, we can now replace each linear subspace by 
its orthogonal complement and get: 
Spec(C”““) = { W 1 W c C” is a linear subspace of dimension l} 
with the open subsets 
Bv={Wl Wg V;dim W=l} 
where V runs through the linear subspaces of @“. The corresponding closed subsets 
are thus 
S”={Wl WG V;dim W=l} 
i.e. the projective subspaces. q 
Thus in the case of the C*-algebra of linear operators on C”, the quantum spectrum 
recaptures the linear structure of C” via the projective space P,_,(C) and its projective 
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subspaces, while the topological spectrum is just a set with the power of the real 
line and provided with the indiscrete topology. It is an open question to decide if 
the quantum spectrum of a @*-algebra A characterizes A, which would yield a 
noncommutative version of the Gelfand duality. 
7. The Gelfand-Naimark theorem revisited 
Consider a @*-algebra A. For every pure state f the right ideal 
Nf = {x E A If(xx*) = 0) 
is closed (cf. [S, 2-9-5 and 3-l]) and thus A/N, is a Banach space. Noticing that 
Kerf= JVr+ N.F 
(cf. [8, 2-9-l]) one gets a scalar product on A/Nf when defining 
([xl I bl) =f(v”). 
In fact A/N, becomes a Hilbert space (cf. [8, 2-g-51). We obtain an irreducible 
representation of A by putting 
af: A+z(AlN,), a H a,(a), 
or: AlN,+Al%, [xl ++ [xal. 
For this representation it is known that the kernel Ker ai is just the largest (and 
thus closed) %-sided ideal contained in y, (cf. [8, 2-4-101) while the image o--(A) 
is *-isometric to A/Ker of (cf. [2, l-3-21). 
One version of the Gelfand-Naimark theorem asserts that we have a *-isometric 
embedding 
A+? =%AlN,), a H (af(a))r 
where the product has to be computed in the category of C*-algebras, i.e. 
n %AI~)=l(h,)/ls~~ IIhrll <a> 
f 
(cf. [8, 2-7-31). Another way to express this result is to consider the disjoint union 
Ll z(AIN,) 
f~ Spec A 
and the obvious projection 
p: u Z’(A/N,)+SpecA 
/tSpec A 
applying 2’(A/ N,) on J: It is immediate that 
n Lf(A/ yf) = {s I s is a bounded section of p}. 
.r 
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The Gelfand-Naimark theorem can now be restated: 
A + {s ] s is a bounded section of p}, 
a ++ s, : Spec A + I] Z(A/ IV,), f ++ ~[(a) 
.f 
is a *-isometric embedding. An interesting question now is to characterize exactly, 
among the bounded sections of p, those which correspond to elements of A. Our 
first concern here is to find a characterization of the elements of A in terms of 
continuous bounded sections. 
It is clear that each section s, corresponding to an element a E A factors in fact 
through the smaller fibred set 
,IIcA a,-(A) = LI Alker VP 
f-i Spec A 
In many interesting cases, this fibred set is itself very relevant; for example if A is 
a CCR-algebra, then ai is precisely the C*-algebra Z’C(A/ A$) of compact linear 
operators on the Hilbert space A/N, (cf. [2,1-5-l and l-4-21). The Gelfand-Naimark 
theorem can again be restated by considering 
PI LI u, (A) + Spec A 
f~SpecA 
and the *-isometric embedding 
Spec A -+ {s 1 s bounded section of p}, a H s,. 
We shall improve this result by providing the set 
II Uf(Q) 
1-t Spec A 
with the structure of a quantum space in such a way that p and each s, are strict 
continuous when Spec A is provided with its quantum structure. It is an open 
question to decide if this strict continuity characterizes exactly the sections of the 
form s, or if some additional condition is needed. 
Lemma 2. Given a C*-algebra A, a subset X z Spec A and an element g E Spec A; 
g belongs to the topological closure of X in Spec A ifund only if 
(Vu E A)(Vfc X, ~~(a) = 0 =+ ~~(a) = 0). 
Proof. The complement of the topological closure of X is the open subset 0, with 
I the largest 2-sided ideal such that 
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This ideal I is just the 2-sided part of nfEx N,. But on the lattice of closed right 
ideals the operations 
J H AJ = smallest closed 2-sided ideal containing J, 
J ++ j = largest (closed) 2-sided ideal contained in J 
constitute a Galois connection. Therefore, 
& I 
n y, = n N, = n Ker a/ 
.fCX /ix ftX 
We conclude that g is the topological closure of X if and only if 
n KerTffcN, 
.f= x 
which is equivalent, since n,-,, Ker Us is 2-sided and &g = Ker an, to 
n KerwffKera,. 0 
fEX 
Lemma 3. Given a @*-algebra A, an element a E A and a real number r 2 0 
1.f~ WC A I II q(a) II G 4 
is a topological closed subset of Spec A. 
Proof. From the equality IIu/]~ = Ilaa*l] it suffices to prove that 
{YE Spec Al I/a,-(aa*)ll s r2} 
is a topological closed subset of Spec A. In other words, we can restrict our attention 
to those elements a which are positive elements of A. Moreover, when a is positive, 
Ilcr~(a)]l is just the spectral radius of ~~(a) (cf. [8, l-9-21): 
Ilq(a)ll s r~SSpec(ai(a)) s [O, rl. 
On the other hand, when r < 0, the result is obvious. 
Now, with a positive and r-20, take 
X = {f~ Spec Al Ilq(a)ll s 4 
and choose g in the topological closure of X. If g e X, we deduce Spec(a,(a)) g 
[0, r]; choose s> r such that s E Spec(cT,(a)). As ~~(a) is positive, the set {a,(a)>” 
of elements in v~(A) which bicommute with a,(a) is a commutative C*-algebra; 
an element x~{a,(a)}” has the same spectrum in {~~(a)}” and in a,(A) (cf. [8, 
l-3-101). Choose a continuous mapping h which vanishes at infinity 
h: R++R, h([O, r]) =O, h(s) = 1. 
Using the Gelfand duality theorem for commutative @*-algebras, a,( a) corresponds 
to a continuous mapping 
a^: Spec({a,(a)}“)+R+, 
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we denote by h(a,(a)) E {a,(a)}” the element which corresponds to h 0 a*. In the 
same way we can define h(a)~{a}” and h(a~(a))~{~,(u)}” for everyfESpecA. 
Now for every f~ X, we deduce (cf. [8, l-5-3]), by construction of h, 
a,-(h(a)) = h(q(a)) =O, 
applying Lemma 2, we obtain u~( h( a)) = 0. On the other hand 
a,(h(a)) = h(a,(a)) # 0, 
since s E Spec(a,(u)) and h(s) = 1. q 
Using the notations of Lemma 3, it turns out that the subset 
is generally not open in Spec A. This implies that the Banach sheaf approach using 
“open tubes” (cf. [3] and [ll]), when applied to ]IIFSpecA c,(A), will not yield the 
sections a, to be continuous. In fact the correct approach will turn out to be the 
use of “open co-tubes” (cf. [4] and [6]). 
Theorem 3. Consider a C*-algebra A and its quantum spectrum Spec(A). 7’heJibred 
set u.f.FSprC A ur (A) deduced from the Gelf’nd- Nuimurk theorem can be provided with 
the structure of a quantum space in such a way that the canonical projection 
P: Ll U,(A) + Spec A 
./ESpecA 
is strict continuous and for every element a E A, 
s,: SpecA+ fl af(A), f H al-(u) 
is a strict continuous bounded section of p. 
Proof. (Step 1) For every closed right ideal I of A, every element a E A and every 
real number r E R, consider the subset 
xEu,(A);fEO, 
Ilx_a,(u)ll>r 
1 
Those subsets I(a; r) will be chosen as fundamental open subsets. A base of open 
subsets is given by the finite intersections 
[(a,; r,)n . . . nZ(u,; rn) 
and an arbitrary open subset is a union of basic open subsets. Notice that 
I(O; -I)= Ll a,(A), (O)(O; 0) = 0 
.f iSprc A 
which indicates already that axioms (Sl)-(S2) of Definition 1 are satisfied. 
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(Step 2) Consider a basic open subset 
Z(a,; r,)n . . . n Z(a,; rn). 
Given f E 6, and x E A such that 
q(x) E Z(ar ; rd n . . . f3 Z(a,, m), 
there exists a topological open subset 8, such that f E 0, and 
VgEO, ~~p(x)EK(u,;r,)n ... nK(u,;r,). 
Indeed, consider the subset 
ZJ={gESpecAIVi, II~~(X)-CTg(ai)ll>rz) 
=,fi, {gESpecAIIIa,(x-Ui)ll>r;}. 
This subset is topological open in Spec A (Lemma 3), thus has the form OK for 
some closed 2-sided ideal K. 
(Step 3) Now consider a fundamental open subset Z( a; r) and an element x E A. 
Suppose that 
VfEO, crJx)Ez(u;r); 
then it is also the case that 
VfEO', G-f(~)~ AZ(a;r). 
Indeed using Step 3, for each f choose a topological open subset OK, with f E O',, and 
vg E OK, a,(x) E Zqa; y). 
We deduce 6, z lJfEG, OK, and, since each K, is a topological open subset, B;i-, s 
lJrEp,, 6’K, by the corollary of Proposition 2. 
(Step 4) We are now ready to prove the basic lemma; if 
U (&Cd; 4 n 1 . . n L(ai, ; Cl)) 
k 
then one has also 
=iJ (m,(bi; s:)n . * . nm,(bk,; s!,,,)). 
I 
Choose f E 6,, and x E A such that 
- 
C”(X) E Azk(U:; r;) f-Y . . . CT Azk(U:,; t-i,). 
Using Step 2 we find a topological open subset 0, such that f E 0, and 
Vg E OK v~(x) E K(u:; r:) n . . . n K(aE, ; YE,). 
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In particular 
VgE6,,nB, ~,(x)El~(a:;r’;)n ... nIk(ai,;rX,). 
For each such g E 01, n 0, there exists some I(g) such that g E JQ) and 
a,(x) E .&,(V’; CE’) n . . + n J,&b~,~,; d$). 
Using Step 2 again we find a topological open subset OKp such that g E OK, and 
vh E OK, oh(x) E K,(b{‘X’; s:(g), n . . * n &(b!$t,; s!$il). 
Using Step 3 we deduce, for every h E oA & ( QJ,,,, n OK,) 
CT,,(X) E AJ,c,,(b:‘g’; s:(~‘) n . . . n AJ,,,,(b!$t,; ~2,:~). 
To conclude this step it suffices to notice that 
f~6,,n6,=~~&&,,&~)K=~~&(0,1nB,) 
c oA&U (QJJ,,,,nQK,)=U (0~ &(Q,,,,~~K,)) K R 
so that f is one possible h. 
(Step 5) The previous step indicates that the following definition makes sense 
A(0; -l)&U(Z,(a:; r:)n ... nIk(ak,,; &)) 
k 
- 
=I_! (AIk(at; rf)n . . . nm,(a:,; ril)). 
k 
Having a look at relation (5) in Proposition 1 (or better, using Proposition 3 in [5]), 
we define, for two arbitrary open subsets U, V of u,f o-JA): 
U& V=Un(A(O;-l)& V). 
The form of that definition implies immediately that axioms (S3)-( S5) in Definition 
1 are satisfied. The last two axioms (S6)-(S7) follow from the distributivity of n 
over u and the obvious property 
A(0; -1) & u V, =u (A(0; -1) 8.5 V,) 
( > k k 
for every family of open subsets vk. 
(Step 6) The projection 
P: LJ a,(A)+ Spec A 
is strict continuous since 
p_‘(B,) = I(0; -l), 
(Step 7) For every x E A, the 
s, : Spec A + u a,-(A), 
.I 
Z(0; -1) & J(0; -1) =?5(0; -1). 
section 
f +-+ y,(a) 
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is strict continuous. Indeed for every basic open subset: 
s;‘( I( a, ; r,) n . . . n I( a, ; rn)) 
=tfEo,Ivi3 Il”f(X)P~f(ai)Jl>ril 
=B.,n(i‘liftSpecAIII~~(x-ai)II>r.}) 
i=, 
is open in Spec A (Lemma 3 and relation (3) of Proposition 1). Moreover, 
s;‘(A(O; -1) & (I(a,; rl)n . . . n Z(a,; m))) 
= s;‘(m(u, ; rl) n - * * nAl(u, ; r,,)) 
=O,n(i) ~tSpecAlIl~~(x-ui)ll>ri}) i=l 
=~~~~,~(~{~~SpecAlll~~(x-u~)l~>r,}) 
i=l 
=~A&.s~‘(l(u,; rl)n . . . nZ(u,; r,)) 
from which follows immediately the strict continuity. 0 
8. The topology of open coballs in a metric space 
It is worth noticing that in the construction given in Theorem 3, the induced 
structure on each stalk UJA) is just the topology generated by the open coballs (cf. 
[41 and 161) 
ix E adA) I lb - a II > r> 
for every a E o--(A) and r E R. In other words the fundamental closed subsets are 
exactly the closed balls. This topology is clearly weaker than the classical topology 
generated by the open balls, since for this latter topology every closed ball is closed. 
But both topologies are distinct since, in the topology generated by the open coballs, 
every nontrivial closed subset is contained in a finite union of closed balls, thus is 
bounded. Those considerations extend clearly to every metric real or complex vector 
space. 
It should be noted that for a finitely dimensional metric space V, the continuity 
of a bounded function 
a: x-+v 
defined on a topological or quantum space X, can be computed equivalently in 
terms of the topology of open balls or the topology of open coballs. 
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